The Bondi-Sachs formalism of General Relativity is a metric-based treatment of the Einstein equations in which the coordinates are adapted to the null geodesics of the spacetime. It provided the first convincing evidence that that mass loss due to gravitational radiation is a nonlinear effect of general relativity and that the emission of gravitational waves from an isolated system is accompanied by a mass loss from the system. The asymptotic behaviour of the Bondi-Sachs metric revealed the existence of the symmetry group at null infinity, the Bondi-Metzner-Sachs group, which turned out to be larger than the Poincare group.
Introduction
In a seminal 1960 Nature article (Bondi, 1960) , Hermann Bondi presented a new approach to the study gravitational waves in Einstein's theory of general relativity. It was based upon the outgoing null rays along which the waves traveled. It was followed up in 1962 by a paper by Bondi, Metzner and van der Burg (Bondi et al., 1962) , in which the details were given for axisymmetric spacetimes. In his autobiography (Bondi, 1990 , page 79), Bondi remarked about this work: "The 1962 paper I regard as the best scientific work I have ever done, which is later in life than mathematicians supposedly peak". Soon after, Rainer Sachs (Sachs, 1962b) generalized this formalism to non-axisymmetric spacetimes and sorted out the asymptotic symmetries in the approach to infinity along the outgoing null hypersurfaces. The beautiful simplicity of the Bondi-Sachs formalism was that it only involved 6 metric quantities to describe a general spacetime. At this time, an independent attack on Einstein's equations based upon null hypersurfaces was underway by Ted Newman and Roger Penrose Penrose, 1962, 2009) . Whereas the fundamental quantity in the Bondi-Sachs formalism was the metric, the Newman-Penrose approach was based upon a null tetrad and its curvature components. Although the Newman-Penrose formalism involved many more variables it led to a more geometric treatment of gravitational radiation, which culminated in Penrose's (Penrose, 1963) description in terms of the conformal compactification of future null infinity, denoted by I + (pronounced "scri plus" for script I plus). It was clear that there were parallel results emerging from these two approaches but the two formalisms and notations were completely foreign. At meetings, Bondi would inquire of colleagues, including one of us (JW), "Are you you a qualified translator?". This article describes the Bondi-Sachs formalism and how it has evolved into a useful and important approach to the current understanding of gravitational waves.
Before 1960, it was known that linear perturbations h ab of the Minkowski metric η ab = diag(−1, 1, 1, 1) obeyed the wave equation (in geometric units with c = 1)
where the standard Cartesian coordinates y i = (y 1 , y 2 , y 3 ) satisfy the harmonic coordinate condition to linear order. It was also known that these linear perturbations had coordinate (gauge) freedom which raised serious doubts about the physical properties of gravitational waves. The retarded time u and advanced time v, u = t − r , v = t + r , r 2 = δ ij y i y j ,
characteristic hypersurfaces of the hyperbolic equations (1), i.e. hypersurfaces along which wavefronts can travel. These characteristic hypersurfaces are also null hypersurfaces, i.e. their normals, k a = −∇ a u and n a = −∇ a v are null, η ab k a k b = η ab n a n b = 0. Note that it is a peculiar property of null hypersurfaces that their normal direction is also tangent to the hypersurface, i.e. k a = η ab k b is tangent to the u = const hypersurfaces. The curves tangent to k a are null geodesics, called null rays, and generate the u = const outgoing null hypersurfaces. Bondi's ingenuity was to use such a family of outgoing null rays forming these null hypersurfaces to build spacetime coordinates for describing outgoing gravitational waves.
An analogous formalism based upon ingoing null hypersurfaces is also possible and finds applications in cosmology but is of less physical importance in the study of outgoing gravitational waves. The new characteristic approach to gravitational phenomenon complemented the contemporary 3+1 treatment being developed by Arnowitt et al. (1961) .
The Bondi-Sachs metric
The Bondi-Sachs coordinates x a = (u, r, x A ) are based on a family of outgoing null hypersurfaces u = const The hypersurfaces x 0 = u = const are null, i.e. the normal co-vector k a = −∂ a u satisfies g ab (∂ a u)(∂ b u) = 0, so that g uu = 0, and the corresponding future pointing vector k a = −g ab ∂ b u is tangent to the null rays. Two angular coordinates x A , (A, B, C, ... = 2, 3), are constant along the null rays, i.e. k a ∂ a x A = −g ab (∂ a u)∂ b x A = 0, so that g uA = 0. The coordinate x 1 = r, which varies along the null rays, is chosen to be an areal coordinate such that det[g AB ] = r 4 q, where q(x A ) is the determinant of the unit sphere metric q AB associated with the angular coordinates x A , e.g. q AB = diag(1, sin 2 θ) for standard spherical coordinates x A = (θ, φ). The contravariant components g ab and covariant components g ab are related by g ac g cb = δ a b , which in particular implies g rr = 0 (from δ u r = 0) and g rA = 0 (from δ u A = 0). In the resulting x a = (u, r, x A ) coordinates, the metric takes the BondiSachs form,
where
so that the conformal 2-metric h AB has only two degrees of freedom. The determinant condition implies h AB ∂ r h AB = h AB ∂ u h AB = 0, where
Hereafter D A denotes the covariant derivative of the metric h AB , with D A = h AB D B . The corresponding non-zero contravariant components of the metric (3) are
(5) A suitable representation of h AB with two functions γ(u, r, θ, φ) and δ(u, r, θ, φ) corresponding to the + and × polarization of gravitational waves is (van der Burg, 1966; Winicour, 2013) 
(6) This differs from the original form of Sachs (Sachs, 1962b) by the transformation γ → (γ + δ)/2 and δ → (γ − δ)/2, which gives a less natural description of gravitational waves in the weak field approximation. In the original axisymmetric Bondi metric (Bondi et al., 1962) with rotational symmetry in the φ-direction, δ = U φ = 0 and γ = γ(u, r, θ), resulting in the metric
where U ≡ U θ . Note that the original Bondi metric also has the reflection symmetry φ → −φ so that it is not suitable for describing an axisymmetric rotating star. In Bondi's original work, the areal coordinate r was called a luminosity distance but this terminology is misleading because of its different meaning in cosmology (Jordan et al., 1960, see Sec. 3.3) . The areal coordinate r becomes singular when the expansion Θ of the null hypersurface vanishes, where (Sachs, 1961 (Sachs, , 1962b 
In contrast, the standard radial coordinate along the null rays in the NewmanPenrose formalism Penrose, 1962, 2009 ) is the affine parameter λ, which remains regular when Θ = 0. The areal distance and affine parameter are related by ∂ r λ = e 2β . Thus the areal coordinate remains non-singular provided β remains finite. For a version of the Bondi-Sachs formalism based upon an affine parameter, see (Winicour, 2013) .
The electromagnetic analogue
The electromagnetic field in Minkowski space with its two degrees of freedom propagating along null hypersurfaces provides a simple model to demonstrate the essential features and advantages of the Bondi-Sachs formalism (Tamburino and Winicour, 1966) . Consider the Minkowski metric in outgoing null spherical coordinates (u, r, x A ) corresponding to the flat space version of the Bondi-Sachs metric,
Assume that the charge-current sources of the electromagnetic field are enclosed by a 3-dimensional timelike worldtube Γ, with spherical crosssections of radius r = R, such that the outgoing null cones N u from the vertices r = 0 (Fig. 1 ) intersect Γ at proper time u in spacelike spheres S u , which are coordinatized by x A .
The electromagnetic field F ab is represented by a vector potential A a , F ab = ∇ a A b − ∇ b A a , which has the gauge freedom
Choosing the gauge transformation
leads to the null gauge A r = 0, which is the analogue of the Bondi-Sachs coordinate condition g rr = g rA = 0. The remaining gauge freedom χ(u, x A ) may be used to set either
Hereafter, we implicity assume that the limit r → ∞ is taken holding u = const and x A = const. There remains the freedom
The vacuum Maxwell equations M b := ∇ a F ab = 0 imply the identity 
so that the supplementary condition is satisfied everywhere if it is satisfied at some specified value of r, e.g. on Γ or at I + . The main equations separate into the Hypersurface equation:
and the Evolution equation:
where hereafter ð A denotes the covariant derivative with respect to the unit sphere metric q AB , with ð A = q AB ð B . The supplementary condition M r = 0 takes the explicit form
A formal integration of the hypersurface equation yields
where Q(u, x A ) enters as a function of integration. In the null gauge with A r = 0, the radial component of the electric field corresponds to E r = F ru = ∂ r A u . Thus, using the divergence theorem to eliminate ð B A B , the total charge enclosed in a large sphere is
where indicates integration over the 2-sphere. This motivates calling Q(u, x A ) the charge aspect. The integral of the supplementary condition (17) over a large sphere then gives the charge conservation law
The main equations (15) and (16) give rise to a hierarchical integration scheme given the following combination of initial data on the initial null cone N u 0 , initial boundary data on the cross-section S u 0 of Γ and boundary data on Γ:
Then, in sequential order, (15) is an ordinary differential equation along the null rays which determines A u and (16) is an ordinary differential equation which determines ∂ u A B . Together with the supplementary equation (17), they give rise to the following evolution algorithm:
1. In accord with (12), choose a gauge such that A u Γ = 0.
Given the initial data A B Nu 0
and ∂ r A u Su 0 , the hypersurface equation (15) can be integrated along the null rays of N u 0 to determine A u on the initial null cone N u 0 .
3. Given the initial boundary data ∂ u A B | Su 0 , the radial integration of the evolution equation (16) (17) determines ∂ u ∂ r A u Su 0 so that ∂ r A u | S u 0 +∆u can also be obtained in a finite difference approximation.
5. This procedure can be iterated to determined a finite difference approximation for A B and A u on the null cone u = u 0 + n∆u.
An analogous algorithm for solving the Bondi-Sachs equations has been implemented as a convergent evolution code (see Sec. 5).
Einstein equations and their Bondi-Sachs solution
The Einstein equations, in geometric units G = c = 1, are
where R ab is the Ricci tensor, R c c its trace and T ab the matter stress-energy tensor. Before expressing the Einstein equations in terms of the Bondi-Sachs metric variables (3), consider the consequence of the contracted Bianchi identities. Assuming the matter satisfies the divergence-free (C5) condition
In analogy to the electromagnetic case, this leads to the designation of the components of Einstein's equations, consisting of
as the main equations. Then if the main equations are satisfied, referring to the metric (3), E b r = −e 2β E ub = −e 2β g ba E u a = 0 and the a = r component of the conservation condition (23) reduces to (∂ r g AB )E AB = −(2/r)g AB E AB = 0 so that the component g AB E AB = 0 is trivially satisfied. Here we assume that the areal coordinate r is non-singular.
The retarded time u and angular components x A of the conservation condition (23) now reduce to
so that the E r u and E r A equations are satisfied everywhere if they are satisfied on a finite worldtube Γ or in the limit r → ∞. Furthermore, if the null foliation consists of non-singular null cones, they are automatically satisfied due to regularity conditions at the vertex r = 0. These equations were called supplementary conditions by Bondi and Sachs. Evaluated in the limit r → ∞ they are related to the asymptotic flux conservation laws for total energy and angular momentum. In particular, the equation lim r→∞ (r 2 E r u ) = 0 gives rise to the famous Bondi mass loss equation (see (61)).
The main Einstein equations separate further into the
and the Evolution equations:
In terms of the metric variables (3) the hypersurface equations consist of one first order radial differential equation determining β along the null rays,
two second order radial differential equations determining U A ,
and a radial equation to determine V ,
where D A is the covariant derivative and R is the Ricci scalar with respect to the conformal 2-metric h AB . The evolution equations can be picked out by introducing a complex polarization dyad m a satisfying m a ∇ a u = 0 which is tangent to the null hypersurfaces and points in the angular direction with components m a = (0, 0, m A ). Imposing the normalization h AB = 1 χχ (m AmB + m BmA ), with χ ∈ C, m Am A = χχ, m A = h AB m B , and m A m A = 0 determines m A up to the phase freedom m A → e iη m A , which can be fixed by convention. Note, the Newman-Penrose convention for the normalisation of m A uses χχ = 1 Newman and Penrose (2009) while numerical applications of the Bondi-Sachs formalism use χχ = 2 (Winicour, 2012) . The latter has the advantage to avoid factors containing √ 2 in the components of the tetrad which are non-practical in numerical work. Further note that the definition of the dyad m a here relates to the null vector m a of the Newman-Penrose formalism Newman and Penrose (2009) 
is defined with respect to g ab rather that h AB . The symmetric 2-tensor E AB can then be expanded as
where we have shown that h CD E CD = 0 is trivially satisfied. Consequently, the evolution equations reduce to the complex equation m A m B E AB = 0, which takes the form (Winicour, 1983 (Winicour, , 2012 
It comprises a radial equation which determines the retarded time derivative of the two degrees of freedom in the conformal 2-metric h AB . As in the electromagnetic case, the main equations can be radially integrated in sequential order. In order to illustrate the hierarchical integration scheme we follow Bondi and Sachs by considering an asymptotic 1/r expansion of the solutions in an asymptotic inertial frame, with the matter sources confined to a compact region. This ansatz of a 1/r-expansion of the metric leads to the peeling property of the Weyl tensor in the spin-coefficient approach (see (Newman and Penrose, 2009) ). For a more general approach in which logarithmic terms enter the far field expansion and only a partial peeling property results, see (Winicour, 1985) .
In the asymptotic inertial frame, often referred to as a Bondi frame, the metric approaches the Minkowski metric (9) at null infinity, so that
Later, in Sec. 4, we will justify these asymptotic conditions in terms of a Penrose compactification of I + . For the purpose of integrating the main equations, we prescribe the following data:
1. The conformal 2-metric h AB on an initial null hypersurface N 0 , u = u 0 , which has the asymptotic 1/r expansion
where the condition
with c AB := q AD q BE c DE and d AB := q AD q BE d DE . Furthermore, the derivative of the determinant condition det(h AB ) = q(x C ) requires
2. The 1/r coefficient of the conformal 2-metric h AB for retarded times
which describes the time dependence of the gravitational radiation.
which is called the mass aspect.
which is the angular momentum aspect.
In terms of a complex dyad q A = lim r→∞ m A on the unit sphere so that
(1, i/ sin θ), the real and imaginary part of
correspond, respectively, to the + and × polarization modes of the strain measured by a gravitational wave detector at large distance from the source (Thorne, 1983) . Traditionally, the radiative strain σ 0 has also been called the shear because it measures the asymptotic shear of the outgoing null hypersurfaces in the sense of geometric optics,
Note that σ 0 corresponds to the leading order of the spin coefficient σ of the Newman-Penrose formalism (Newman and Penrose, 2009 ). The retarded time derivative
called the news tensor, determines the energy flux of gravitational radiation. The factor of 1/2 in (42) is introduced to recover the Bondi's original definition of the news in the axisymmetric case. The news tensor is a geometrically determined tensor field independent of the choice of u-foliation (see the discussion concerning (73)).
Relative to a choice of polarization dyad, the Bondi news function is
in particular the news function is the retarded time derivative of the radiation strain N = ∂ u σ 0 . Note, in carrying out the 1/r expansion of the field equations the covariant derivative D A corresponding to the metric h AB is related to the covariant derivative ð A corresponding to the unit sphere metric q AB by
Given the asymptotic gauge conditions (33) and the initial data (35), (38), (39), (37) on N 0 , the formal integration of the main equations at large r proceeds in the following sequential order:
1. Integration of the β-hypersurface equation gives
2. Insertion of the data (34) and the solution for β into the U A hypersurface equation (29) yields
As a result, unless S A = 0, integration of (47) leads to a logarithmic r −4 ln r term in ∂ r U A , which is ruled out by the assumption of an asymptotic 1/r expansion. This leads to the following result. Because of the determinant condition (36),
As a result
or, again using (36), the logarithmic condition becomes
CD is symmetric and trace-free. It now follows readily from the powerful Newman-Penrose ð-calculus (Newman and Penrose, 1962 Penrose, , 2009 ) that the condition S A = 0 implies b AB = 0. In order to obtain this result without ð-calculus, first use q AB b AB = 0 to obtain
so that (49) also implies
where AB = i χχ (q AqB −q A q B ) is the antisymmetric surface area tensor on the unit sphere. Consider the component Φ B EA ð E b AB = 0, where Φ B is a Killing vector on the unit sphere. Then
But, as a result of Killing's equation ð A Φ B + ð B Φ A = 0 and the tracefree property of b AB ,
where we have used the identity T AB = Hence, applying this constraint and integrating (47) once yields
3. Rearranging (55) while using (35) and (46) and subsequent radial integration of ∂ r U A with the asypmtotic data (39) gives
. (56) Note (56) corrects the non-linear coefficients in the O(r −3 ) terms of Bondi and Sachs' original works and agrees with the corresponding coefficient of Barnich and Troessaert (2010a) up to the redefinition
4. With the initial data (34) and initial values of β and U A , the Vhypersurface equation (30) can be integrated to find the asymptotic solution
Here M (u, x A ) is called the mass aspect since in the static, spherically symmetric case, where h AB = q AB , β = U A = 0 and M (u, x A ) = m, the metric (3) reduces to the Eddington-Finkelstein metric for a Schwarzschild mass m.
5. Insertion of the solutions for β, U A and V into the evolution equation (32) yields to leading order that q A q B ∂ u d AB = 0, consistent with the determinant condition (36).
6. With the asymptotic solution of the metric, the leading order coefficient of the E r u supplementary equation gives
Since N AB is assumed known for u 0 ≤ u ≤ u 1 , integration determines the mass aspect M in terms of its initial value M (u 0 , x A ).
7. The leading order coefficient of the E r A supplementary equation determines the time evolution of the angular momentum aspect
The motivation for calling L A (u, x A ) the angular momentum aspect can be seen in the non-vacuum case where its controlling E r A supplementary equation is coupled to the angular momentum flux r 2 T r A of the matter field to null infinity. Together with (58), (59) shows that the time evolution of L A is entirely determined by N AB for u 0 ≤ u ≤ u 1 and the initial values of L A , M and c AB at u = u 0 .
This hierarchical integration procedure shows how the boundary conditions (33) and data (35), (38), (39), (37) uniquely determine a formal solution of the field equation in terms of the coefficients of an asymptotic 1/r expansion. In particular, the supplementary equations determine the time derivatives of M and L A , whereas the hypersurface equations determine the higher order expansion coefficients. However, this formal solution cannot be cast as a well-posed evolution problem to determine the metric for u > u 0 because the necessary data, e.g. c AB (u, x C ), lies in the future of the initial hypersurface at u 0 . Nevertheless, this formal solution led Bondi to the first clear understanding of mass loss due to gravitational radiation. It gives rise to the interpretation of the supplementary conditions as flux conservation laws for energy-momentum and angular momentum (Tamburino and Winicour, 1966; Goldberg, 1974) .
The time-dependent Bondi mass m(u) for an isolated system is
The integration of (58) over the sphere, using the definition of the news function (43), gives the famous Bondi mass loss formula
where the first term of (58) integrates out because of the divergence theorem. The positivity of the integrand in (61) shows that if a system emits gravitational waves, i.e. if there is news, then its Bondi mass must decrease. If there is no news, i.e. N = 0, the Bondi mass is constant. The expressions for the Bondi mass (56) and the mass loss formula (57) were generalized for spacetimes with non-zero cosmological constant by Saw, (2016) and higherdimensional generalisations of (56) and (57) can be found in Tanabe et al. (2011) and Godazgar and Reall (2012) Here (59) corrects the original equations Bondi and Sachs for the time evolution of the angular momentum aspect L A . For the Bondi metric in which γ(u, r, θ) = c(u, θ)/r + O(1/r 3 ), (59) becomes
here N = ∂ u c is the axisymmetric Bondi news function. The asymptotic approach of Bondi and Sachs illustrates the key features of the metric based null cone formulation of general relativity. Nevertheless, assigning boundary data such as the news function N at large distances is non-physical as opposed to determining N by evolving an interior system (see Sec. 5). In particular, assignment of boundary data on a finite worldtube surrounding the source leads to gauge conditions in which the asymptotic Minkowski behavior (33) does not hold.
The Bondi-Metzner-Sachs (BMS) group
The asymptotic symmetries of the metric can be most clearly and elegantly described using a Penrose compactification of null infinity (Penrose, 1963) .
In that case the assumption of an asymptotic series expansion in 1/r becomes a smoothness condition at I + . In Penrose's compactification of null infinity, I + is the finite boundary of an unphysical space time containing the limiting end points of null geodesics in the physical space time. If g ab is the metric of the physical space time andĝ ab denotes the unphysical spacetime the two metrics are conformally related viaĝ ab = Ω 2 g ab , whereĝ ab is smooth (at least C 3 ) and Ω = 0 at I + . Asymptotic flatness requires that I + has the topology R × S 2 and that ∇ a Ω vanishes nowhere at I + . The conformal space and physical space Ricci tensors are related by
where∇ a is the covariant derivative with respect toĝ ab . Separating out the trace of (63), evaluation of the physical space vacuum Einstein equations
The first condition shows that I + is a null hypersurface and the second assures the existence of a conformal transformationΩ −2ĝ ab =Ω −2g ab such that∇ a∇bΩ | I + = 0. Thus there is a set of preferred conformal factorsΩ for which null infinity is a divergence-free (∇ c∇ cΩ | I + = 0) and shear-free (∇ a∇bΩ | I + = 0) null hypersurface.
A coordinate representationx a = (u, , x A ) of the compactified space can be associated with the Bondi-Sachs physical space coordinates in Sec. 2 by the transformationx a = (u, , x A ) = (u, 1/r, x A ). Here the inverse areal coordinate = 1/r also serves as a convenient choice of conformal factor Ω = . This gives rise to the conformal metriĉ
where det(h AB ) = q. The leading coefficients of the conformal space metric are subject to the Einstein equations (63) according to
where here R is the Ricci scalar and D A is the covariant derivative associated with H AB . In (65), H, H A and H AB have a general form which does not correspond to an asymptotic inertial frame. In order to introduce inertial coordinates consider the null vectorn a =ĝ ab∇ b which is tangent to the null geodesics generating I + . In a general coordinate system, it has components at I +
arising from the contravariant metric componentŝ
Introduction of the inertial version of angular coordinates by requirinĝ
results in H A = 0. Next, introduction of the inertial version of a retarded time coordinate by requiring that u be an affine parameter along the generators of I + , withn a ∂ a u
results in H = 0. It also follows that is a preferred conformal factor so that the divergence free and shear free condition∇ a∇b I + = 0 implies that ∂ u H AB = 0. This allows a time independent conformal transformation → ω(x C ) such that H AB → q AB , so that the cross-sections of I + have unit sphere geometry. In this process, the condition H = 0 can be retained by an affine change in u.
Thus it is possible to establish an inertial coordinate systemx a at I + , which justifies the Bondi-Sachs boundary conditions (33). In these inertial coordinates, the conformal metric has the asymptotic behavior
showing that the Bondi-Sachs variables c AB , mass aspect M and angular momentum aspect L A are the the leading order coefficients of a Taylor series at null infinity with respect to the preferred conformal factor . It follows from (64b) that −1∇ a∇b has a finite limit at I + . In inertial coordinates the tensor field
where ζ * represents the pull-back to I + (Geroch, 1977) , i.e. the intrinsic (u, x A ) components, equals the news tensor (73). It also follows that N ab is independent of the choice of conformal factor Ω = → ω , ω > 0. This establishes the important result that the news tensor is a geometrically defined tensor field on I + independent of the choice of u-foliation. The BMS group is the asymptotic isometry group of the Bondi-Sachs metric (3). In terms of the physical space metric, the infinitesimal generators ξ a of the BMS group satisfy the asymptotic version of Killing's equation
where L ξ denotes the Lie derivative along ξ a . In terms of the conformal space metric (72) with conformal factor Ω = , this implies
This immediately requires ξ c ∂ c = 0, i.e. the generator is tangent to I + and −1 ξ c ∂ c | I + = ∂ ξ | I + . Then (75) takes the explicit form
where (71) reduces in the inertial frame tô
Since onlyĝ ab | I + enters (76), it is simple to analyze. This leads to the general solution
where f A (x C ) is a conformal killing vector of the unit sphere metric,
These constitute the generators of the BMS group. The BMS symmetries with f A = 0 are called supertranslations; and those with α = 0 describe conformal transformations of the unit sphere, which are isomorphic to the orthochronous Lorentz transformations (Sachs, 1962a) . The supertranslations form an infinite dimensional invariant subgroup of the BMS group. Of special importance, the supertranslations consisting of l = 0 and l = 1 spherical harmonics, e.g. α = a + a x sin θ cos φ + a y sin θ sin φ + a z cos θ, form an invariant 4-dimensional translation group consisting of time translations (a) and spatial translations (a x , a y , a z ). This allows an unambiguous definition of energy-momentum. However, because the Lorentz group is not an invariant subgroup of the BMS group there arises a supertranslation ambiguity in the definition of angular momentum. Only in special cases, such as stationary spacetimes, can a preferred Poincare group be singled out from the BMS group.
Consider the finite supertranslation,ũ = u + α(x A ) + O( ), withx A = x A , where the O( ) term is required to maintain u as a null coordinate. Under this supertranslation, the radiation strain or asymptotic shear (41), i.e. σ(u, x C ) = r 2 χ 2 q A q B ∇ A ∇ B u| I + , transforms according tõ
This reveals the gauge freedom in the radiation stain under supertranslations. Note, because α is a real function, in the terminology of the NewmanPenrose spin-weight formalism Penrose, 1962, 1966; Goldberg et al., 1967) , this gauge freedom only affects the electric (or E-mode (Mädler and Winicour, 2016) ) component of the shear.
The worldtube-null-cone formulation
In contrast to the Bondi-Sachs treatment in terms of a 1/r expansion at infinity, in the worldtube-null-cone formulation the boundary conditions for the hypersurface and evolution equations are provided on a timelike worldtube Γ with finite areal radius R and topology R × S 2 . This is similar to the electromagnetic analog discussed in Sec. (2.1). The worldtube data may be supplied by a solution of Einstein's equations interior to Γ, so that it satisfies the supplementary conditions on Γ. In the most important application, the worldtube data is obtained by matching to a numerical solution of Einstein's equations carried out by a Cauchy evolution of the interior. It is also possible to solve the supplementary conditions as a well-posed system on Γ if the interior solution is used to supply the necessary coefficients (Winicour, 2011) . Coordinates (u, x A ) on Γ have the same 2+1 gauge freedom in the choice of lapse and shift as in a 3 + 1 Cauchy problem. This produces a foliation of Γ into spherical cross-sections S u . In one choice, corresponding to unit lapse and zero shift, u is the proper time along the timelikel geodesics normal to some initial cross-section S 0 of Γ, with angular coordinates x A constant along the geodesics. In the case of an interior numerical solution, the lapse and shift are coupled to the lapse and shift of the Cauchy evolution in the interior of the worldtube.
These coordinates are extended off the worldtube Γ by letting u label the family of outgoing null hypersurfaces N u emanating from S u and letting x A label the null rays in N u . A Bondi-Sachs coordinate system (u, r, x A ) is then completed by letting r be areal coordinate along the null rays, with r = R on Γ, as depicted in Fig. 1 . The resulting metric has the Bondi-Sachs form (3), which induces the 2 + 1 metric intrinsic to Γ,
where V e 2β /R is the square of the lapse function and (−U A ) is the shift. The Einstein equations now reduce to the main hypersurface and evolution equations presented in Sec. 2, assuming that the worldtube data satisfy the supplementary conditions. As in the electromagnetic case, surface integrals of the supplementary equations (25) can be interpreted as conservation conditions on Γ, as described in (Tamburino and Winicour, 1966; Goldberg, 1974) . The main equations can be solved with the prescription of the following mixed initial-boundary data:
• The areal radius R of Γ and ∂ r U A | Γ , as determined by matching to an interior solution.
• The conformal 2-metric h AB | N 0 on an entire initial null cone N 0 for r > R.
• The values of β| S 0 , U A | S 0 , ∂ r U A | S 0 and V | S 0 on the initial cross section S 0 of Γ.
• The retarded time derivative of the conformal 2-metric ∂ u h AB | Γ on Γ for u > u 0 .
Given this initial-boundary data, the hypersurface equations can be solved in the same hierarchical order as illustrated for the electromagnetic case in Sec. 3 and the evolution equation can be solved using a finite difference time-integrator. It has been verified in numerical testbeds, using either finite difference approximations or spectral methods for the spatial approximations, that this evolution algorithm is stable and converges to the analytic solution. However, proof of the well-posedness of the analytic initial-boundary problem for the above system remains an open issue.
A limiting case of the worldtube-null-cone problem arises when Γ collapses to a single world line traced out by the vertices of outgoing null cones. Here the metric variables are restricted by regularity conditions along the vertex worldline . For a geodesic worldline, the null coordinates can be based on a local Fermi normal coordinate system (Manasse and Misner, 1963) , where u measures proper time along the worldline and labels the outgoing null cones. It has been shown for axially symmetric spacetimes (Mädler and Müller, 2013 ) that the regularity conditions on the metric in Fermi coordinates place very rigid constraints on the coefficients of the null data h AB in a Taylor expansion in r about the vertices of the outgoing null cones. As a result, implementation of an evolution algorithm of the worldline-null-cone problem for the Bondi-Sachs equations is complicated and has been restricted to simple problems. Existence theorems have been established for a different formulation of the worldline-null-cone problem in terms of wave maps (Choquet-Bruhat et al., 2011) but this approach does not have a clear path toward numerical evolution.
